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Abst rac t - -The  similarity solution for non-Darcy mixed convection about an isothermal vertical 
cone with fixed apex half angle, pointing downwards in a fluid saturated porous medium with uniform 
free stream velocity is obtained. The effect of thermal dispersion is studied in both the aiding and 
opposing flows. Flow separation is observed when the forced and free convection act in opposite 
directions. It is interesting to note that when buoyancy effects are neglected, the similarity solution 
exists for all realistic power law variations of the wall temperature, and for uniform free stream 
velocity, a closed form solution is possible for the isothermal wall temperature and uniform free 
stream. The heat transfer is enhanced ue to the thermal dispersion effects. ~) 2000 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Because of the important and interesting applications in geothermal energy extraction, nuclear 
waste disposal industry, underground heat exchangers for energy storage and recovery, tempera- 
ture controlled reactors, packed beds, and the utilization of porous layers for transpiration cooling 
by water for fire fighting, in the storage of food grains, and also in resin transfer molding process 
in which fibre reinforced polymeric parts are produced in final shape, etc., the study of convective 
heat transfer in a porous medium has been gaining the attention of several researchers. 
The derivation of the empirical equations which govern the flow and heat transfer in a porous 
medium has been discussed in [1]. Cheng [2] gave a nice review of convective heat transfer in 
a porous medium with the perspective of extraction of geothermal energy. Also, the convective 
heat transfer from two-dimensional walls with different configurations has been discussed in that 
review. 
Designing a suitable canister for nuclear waste disposal into the depths of the earth or into sea 
beds demands a thorough understanding of the convective mechanism in a porous medium in order 
to take care of the safety measures for all living beings. In this direction, one needs to study the 
convective heat transfer from different geometries. To begin with, axisymmetric bodies such as a 
cone, horizontal and vertical cylinders, and spheres (which are amicable for the fundamental study 
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using the standard analytical techniques) are used to understand the convective heat transfer 
mechanism as the heat sources. Depending on the flow and field conditions in the porous medium, 
different flow models are being employed. The free convection about a vertical cylinder embedded 
in a porous medium has been analysed by Minkowycz and Cheng [3]. Cheng et al. [4] and Pop 
and Cheng [5] studied the free convection heat transfer from a vertical cone pointing downwards 
in a fluid saturated porous medium. Cheng et al. [4] neglected the curvature ffects on the 
convective heat transfer and obtained a local nonsimilarity solution for the frustum of the cone. 
The similarity solution was possible when the full cone had been considered. Pop and Cheng [5] 
considered the curvature ffects of the cone. An integral technique has been employed, and the 
results showed that the curvature ffects are insignificant as the buoyancy effects predominate 
in the medium. Ingham and Pop [6] studied the free convection from a horizontal cylinder in 
a fluid saturated porous medium. Fand et al. [7] analysed the free convection over a horizontal 
cylinder experimentally and observed that the obtained results are consistent with the analytical 
results. Nakayama nd Koyama [8] gave a more general transformation for the free convection 
heat transfer from nonisothermal two-dimensional nd axisymmetric body of arbitrary shape in 
a Darcian fluid saturated porous medium. 
Mixed convection heat transfer needs pecial attention because in many practical situations, the 
buoyancy force is well comparable with the externally maintained pressure gradient. Merkin [9] 
studied the mixed coavection boundary layer flow on a vertical surface in a saturated porous 
medium. Combined free and forced convection heat transfer about a horizontal cylinder and a 
sphere has been analysed by Cheng [10]. Minkowycz ct al. [11] analysed the mixed convection 
heat transfer from a nonisothermal cylinder and sphere in a saturated porous medium. Nakayama 
and Koyama [12] gave a more general transformation for mixed convection heat transfer from 
a nonisothermal two-dimensional nd axisymmetric body of arbitrary shape in a Darcian fluid 
saturated porous medium. 
When the pore diameter dependent Rayleigh number becomes large enough for the Darcy 
model to break down, Forchheimer extension of Darcy law has been widely used by researchers 
to account for the inertial effects offered by the solid matrix to fluid flow and heat transfer. Plumb 
and Huenefeld [13] and Bejan and Poulikakos [14] studied the natural convection from a vertical 
surface. Non-Darcy mixed convection flow over a vertical cylinder has been analysed by Kumari 
and Nath [15], and in their subsequent s udy [16], they have studied the mixed convection about 
a horizontal cylinder and a sphere embedded in a saturated porous medium. 
All the above studies neglect hermal dispersion effects. Plumb [17] pointed out that when 
the inertial effects are prevalent, he thermal dispersion effects in a porous medium become very 
important. Hong et al. [18] studied natural convection from a nonisothermal vertical wall in a 
nonuniform porous medium, and thermal dispersion effects are included in the energy equation. 
The thermal dispersion effect on non-Darcy convection over horizontal and vertical walls has been 
studied by Lai and Kulacki [19,20]. More recently, Amiri and Vafai [21] confirmed in their study 
on forced convection flow and heat transfer that the axial dispersion effect may be neglected when 
compared with the radial dispersion effect. 
An order magnitude study revealed that the similarity solution is not possible for convective 
heat transfer from any axisymmetric geometry except for a vertical cone when thermal dispersion 
effects are considered. In the present paper, a similarity solution for non-Darcy mixed convection 
about an isothermal vertical cone pointing downwards in a fluid saturated porous medium when 
the free stream velocity is uniform is obtained on the basis of boundary layer approximations. 
The governing parameter in the mixed convection is Rad/Ped. The limiting case Rag/Peg  --~ 0 
leads the problem into forced convection process, and in this case the similarity solution exists 
for all power law variations of the wall temperature with uniform free stream velocity. A closed 
form solution for velocity and temperature is obtained for the isothermal wall temperature and 
uniform free stream flow. In the mixed convection study, both the aiding and opposing flows are 
considered. The convection domain is divided into pure and mixed regions in terms of Rad/Ped. 
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The effect of thermal dispersion on both aiding and opposing flows is studied. A flow separation 
phenomenon is observed when the forced and free convection act in opposite directions. The 
overall heat transfer is enhanced ue to the thermal dispersion effects. 
Opposing Flow) 
1111111 
u~ (Aiding Flow) 
TTTTTTT 
Figure 1. Coordinate system. 
2. GOVERNING EQUATIONS 
Consider a vertical cone pointing downwards in a fluid saturated porous medium as shown in 
Figure 1. The cone is placed with its axis of symmetry vertical, and x measures the distance along 
the surface of the cone from the apex, x = 0 being the leading edge, and y measures distance 
normally outwards. ~ is the cone apex half angle. The impermeable cone is held at a temperature 
T~ = Too + Ax  ~, greater than the ambient emperature Too. The governing equations for the 
flow and heat transfer from the wall y -- 0 into the fluid saturated porous medium x > 0 and 
y > 0 in this case are given by 
O(ru) O(rv) 
- -  + - -  - O ,  (1 )  
Ox Oy 
~ ~ + pg~ , (2) 
v + v 2 = - - -  , (3 )  
it 
U-~x + v Oy - Ox aX-~x + ~y c~y , (4) 
along with the Boussinesq approximation 
p = p~ [1 - ~ (T - Too)], (5) 
where 
and 
r(x) = x sin ~, 
gx=g 1 - tax)  ] 
(6) 
(7) 
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along with the boundary conditions 
y=0:v=0,  Tw = Too + A x '~, 
y --+ ~ : u~(x) = Bx l, T --+ Too. 
(8) 
Here, x and y are the coordinates along the wall and normal to the wall, respectively, u and v 
are the Darcian velocity components in x and y directions, uoo is the free stream velocity, T is 
the temperature, p is the density, p is the pressure, ~ is the coefficient of thermal expansion, # is 
the viscosity of the fluid, u is the kinematic viscosity of the fluid, K is the permeability constant, 
C is an empirical constant, g is the acceleration due to gravity, c~ and ay are the components 
of thermal diffusivity in x and y directions, r is the curvature of the cone, and { is the cone apex 
half angle. The suffixes w and oo indicate the conditions at the wall and at the outer edge of the 
boundary layer, respectively. A, B, n, and 1 are real constants. 
Experimental nd numerical studies on convective heat transfer in porous media show that ther- 
mal boundary layers exist adjacent to the heated or cooled bodies. When the thermal boundary 
layer is thin (i.e., x >> y ~ ST, (~T is the boundary layer thickness), boundary layer approxima- 
tions analogous to classical boundary layer theory can be applied [1]. Now, making use of the 
boundary layer and Boussinesq approximations and eliminating pressure from the momentum 
equations, the governing equations will become 
Ou Cv -Ro  2 
Oy + - -  _ u Oy -~y 
OT OT O(  OT)  
(9) 
(10) 
Here, a~ is a variable quantity which is the sum of molecular thermal diffusivity a and dispersion 
thermal diffusivity ad. Following Plumb [17], the expression for dispersion thermal diffusivity o~ d
will be O~d ---~ ")' d u, where 7 is the mechanical dispersion coefficient whose value depends on the 
experiments, and d is the pore diameter. 
First, we represent he governing equations (9) and (10) in terms of stream function and 
temperature formulation. The velocity components u and v can be written in terms of stream 
function ~b as u = ( l /r)  °O-~y and v = -(1/r)-~x. This representation is valid since the expressions 
for velocity components clearly satisfy the continuity equation. Now the governing boundary 
layer equations will become 
1 02¢ 
r Oy 2 - -  +-  = , (11)  r u Oy k. Oy ] u Oy 
10%boqT 10%bOT 0 ( [  7dO~y] oq__~y) 
r Oy O, r Ox Oy - Oy a+--r  " (12) 
Comparison of the order magnitudes of the convection and conduction terms in the energy 
equation, we get an estimate for the boundary layer thickness (~T as  
~T "~ xPe~ 1/2, (13) 
where Pex is the Peclet number, given as Pez = u~ox/a. Here, we notice that the maximum 
velocity is at the outer edge of the boundary layer, and it is the free stream velocity. We take 
this as the maximum estimate for the velocity and arrive at the above equation. 
Now, the similarity variable r/, which is defined as 
Y 
~=~,  0 4 ) 
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will become 
= Y Pe~/2. (15) 
X 
From the free stream boundary condition, we get the order magnitude stimate for the stream 
function as 
¢ = c~rPe~/2, (16) 
and the expression for ~ in the nondimensional form will be 
¢ 
(17) 
f(~?) - ar  Pex 1/2 
Write the nondimensional temperature distribution as 
T-  T~ 
0(7) - - Too" (18) 
With this transformation set (7, f ,  and 0), the governing equations reduce into the ordinary 
differential equations as 
Rax 
f" + 2Re f ' f "  = +--~ez O', 




and the boundary conditions become 
=0:  f=O,  0=1,  
~--~oo: f '= l ,  0=0.  (21) 
The "+" sign in equation (19) denotes aiding flow, and the " - "  sign denotes the opposing flow. 
The flow is said to be aiding if the buoyancy has a component in the free stream direction, 
whereas the flow is opposing when the buoyancy is opposing the free stream flow. 
3. RESULTS AND DISCUSSION 
In the above ordinary differentiM equations, the parameter Rax is the modified Rayleigh number 
defined as Kg~Oww/c~u which describes the intensity of buoyancy effects, and Pex is the Peclet 
number defined as u~x/~, which describes the intensity of the externally maintained pressure 
gradient. Rag, Peg represent the pore diameter dependent Rayleigh and Peclet numbers. Re is 
the Forchheimer coefficient dependent Reynolds number. Now the governing ordinary differential 
equations will be free from x only when the isothermal wall is maintained and uniform free stream 
over the wall is maintained. In that case, Rax/Pex will become Rad/Ped, and a similarity solution 
is possible for the mixed convection heat transfer from a vertical cone with fixed apex half angle. 
The governing parameter for the mixed convection process is Rad/Ped. 
In the limiting case of Ra~/Pex --* 0, the problem will be the non-Darcian forced convection 
flow and heat transfer, and equation (19) becomes 
f '  + Re fl2 = 1 + Re. (22) 
The solution of the above equation, with the appropriate boundary conditions, will be 
f(r/) = ~7. (23) 
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Figure 2. 
Subst i tu t ing  this into equat ion (20) and integrat ing twice from ~? = 0 to ~] = oc for the case 
when n = 0 ( isothermal  wall  case), we get 
/0'( ) 0(~]) = 1 -t- 8 ' (0 )  exp  4 (1 + ~'Ped) •2 d~], (24) 
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(b) D is t r ibut ion  of temperature  for var ious  Rag wi th  fixed Re = 0.5, and  Ped = 5. 
F igure  3. 
where 
- -3  --1 
0'(0)=--[~0°°exP(4(l+~,Ped)~ ~) d ?] (25) 
For all realistic power law variations of temperature distribution, the similarity solution is possible 
in this limiting case. 
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For the isothermal wall variation with uniform free stream flow, the governing equations (19) 
and (20) with boundary conditions are solved using the Runge-Kutta method with a systematic 
guessing of f~(0) and 0~(0) by the shooting method. The results obtained are accurate up to the 
fourth decimal place. The effect of transverse thermal dispersion is studied. For all calculations, 
the value of V is taken as 1/3. In the mixed convection case, with ~ = 0 °, the problem becomes 
the study of convective heat transfer from a vertical plate, which has been analysed by Lai and 
Kulacki [20]. 
For the aiding flow, the velocity and temperature profiles are plotted in Figures 2a and 2b 
and 3a and 3b, respectively, for various values of Re, Pea, and Rag. For fixed values of Re 
and Pea, the increase in the Rayleigh number Raa increases the value of the nondimensional 
stream-wise velocity component. 
The local heat flux from the surface of the cone into the medium can be obtained from 
q=-ke--OT = - ([k + kd] O_~y ) , (26)  
Oy Jy=0 ly=0 
where ke is the effective thermal conductivity of the porous medium which is the sum of the 
molecular conductivity k and the dispersion thermal conductivity kd. The heat transfer coefficient 
in terms of Nusselt number is given by 
Nu 
p1/2 - [1 + 7Pedf'(0)] [--0'(0)]. (27) 
ex 
For the forced convection process, f'(0) will be equal to 1, so 
Nu 
pe~/2 - [1 + 7Ped] [--0'(0)]. (28) 
Figure 4 gives the variation of Nu/Pe~/2 with n for uniform free stream flow in forced convection 
process. It is observed that the Nusselt number increases with n. Here, n = 1/2 is the constant 
heat flux case. The effect of thermal dispersion can be studied by varying the value of Ped by 
3.5  
Nu 
pe--'-~x 2 2.5 
Re = I, Ped = 1 o 
Re=l ,  Pee=lO ~ .. 
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n 
• . 1/2 Figure 4. Vanat lon of Nu/Pex  with n in the forced convection case under uni form 
free st ream conditions. 
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fixing Re, Rad, and 7. For fixed Re, with the increase in the value of Ped, the heat transfer 
into the medium increases tremendously. In Figures 5a and 5b, the Nusselt number Nu/Pelx/2 
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Figure 5. 
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f, 
r,*. Ped  = 2, Rad  = 2 o 
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(a) Stream-wise velocity distribution in the opposing flow when Re ---- 1 for various 
Ra d and Peg. 
0.9 
0.8 
I I I I P I I I 
Pea  = l ,  Rad  = 2 o 
Pea  = 2, Rad  = 4 ""~'  
Ped  = 5, Rad  = 5 * 
Ped  = 5, Rad  = lO "~-  







0.1 D ~.. 
0 
0 0.S 1 1.5 2 2.5 3 3.5 4 4.5 5 
(b) Temperature distribution in the opposing flow when Re ---- 1 for various Ra d 
and Ped. 
Figure 6. 
process Rad/Ped along with the forced and free convection asymptotes for fixed Re -- 1 and 
varying Peg -- 2 and 6, respectively. In both cases, equation (28) gives the forced convection 
asymptote. Free convection asymptote is obtained by solving the corresponding free convection 
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F igure  7. Var ia t ion  of i~u/  ex w i th  Rad/Ped  in the  oppos ing  flow. 
problem described by 
f "  + 2 Re Rag f , f ,  = 0', 
Ped 
+ ~fO' + 7Rag (f 'O' + f 'O')  = O, O" 
z 
with its corresponding boundary conditions 
r ]=0:  
r] ---+ oo : 
(29) 
(30) 
f = 0, 0 = 1, 
f '=0 ,  0=0.  (31) 
The Nusselt number expression for the free convection case is 
Nu 
Ra~/2 = [1 + 7Radf'(0)] [--0'(0)], (32) 
and rewriting this in terms of the mixed convection expression, we get 
Nu Nu .--./'Rad~ 1/2. 
(33) pe~/2 - 1/2 R~x \ Ped J 
The local heat transfer rate for the aiding flow revealed that the transverse thermal dispersion 
effect increases the range of mixed convection flow. For Re = 1 with Ped = 2, the range of 
Rag/Ped is subdivided into 
Rad 0 < ~ < 0.34 (forced), (34) 
Rad 0.34 < ~ < 31.5 (mixed), (35) 
Rad 31.5 < - -  (natural), (36) 
Ped 
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and for Re = 1 w i th  Ped = 5, the  ranges for the  pure and mixed convect ion flows become 
Rad 
0 < ~ < 0.295 (forced), (37) 
Rag 
0.295 < ~ < 38.5 (mixed),  (38) 
Rag 
38.5 < - -  (natural ) .  (39) 
Ped 
In the  case of oppos ing flow, flow separat ion  is observed. The  ve loc i ty  and temperature  distr i -  
but ion  are p lo t ted  in F igures  6a and 6b. Nusselt  number  results for the  oppos ing flow are p lo t ted  
in F igure  7. 
The  5% dev iat ion  cr i ter ia  for oppos ing flows obeys the  forced convect ion ranges in both  the  
cases, and the  mixed  convect ion ranges will be 
Rad 
0.34 < Peg Re = 1, Ped = 2, (40) 
Rag Re = 1, Ped = 5. (41) 0.295 < Pe---d' 
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